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ABSTRACT: The permanent set of cross-linking networks is studied by molecular dynamics. The uniaxial stress
for a bead-spring polymer network is investigated as a function of strain and cross-link density history, where
cross-links are introduced in unstrained and strained networks. The permanent set is found from the strain of the
network after it returns to the state-of-ease where the stress is zero. The permanent set simulations are compared
with theory using the independent network hypothesis, together with the various theoretical rubber elasticity
theories: affine, phantom, constrained junction, slip-tube, and double-tube models. The slip-tube and double-
tube models, which incorporate entanglement effects, are found to be in very good agreement with the simulations.

1. Introduction the two-network model to an independent network model in

Stress relaxation and aging in strained polymer networks canWhich a network is cross-linked in a series of arbitrary strained
be attributed to two distinct processes. At short times, relaxation St&t€s orstages Flory rigorously demonstrated that an affine,
is dominated by viscoelastic effects, in which chains approach Gaussian network undergoing cross-linking is equivalent to

a new equilibrium state through diffusive processes. The & collection of independent networks. Each network (or
dominant effect at long times is stress relaxation occurring as St2g€) corresponds to its zero stress state and has a cross-link

a result of chemical changes, such as chain scission ar]ddensity'res.ulting from cross-links introgluced at each stage of
additional cross-linking, that affect the network structt#&he the strain history. Flofywent on to consider the consequences
network connectivity is altered as the polymer chains break and ©f Scission of cross-links formed in previous stages. Fritker
reform. Chemical reaction can occur in most organic polymer later showed S|m|l_ar behavior for phantom, Gau_SS|an networks.
networks at high temperatures and/or long times. The permanentViore recently the independent network hypothesis has been used
changes in the connectivity of the networks have attendant N 9eneral constitutive models by Winemért? and co-workers
changes in the elastic properties with time. On very long time &nd has been tested in various experimériton elastomeric
scales, the kinetics of the various chemical reactions, rather than€tworks.
the diffusive relaxation, controls the time dependence of the In arecent paper, some of us presetteblecular dynamics
macroscopic propertiés (MD) simulations for beag¢spring polymer networks undergo-
Tobolsky was the first to systematically study thekemical ing cross-linking reactions in unstrained and uniaxially strained
relaxation effects®4 Fundamentally different behavior results states. By examining the stress in the strained state, we found
depending upon whether chemically induced chain scission orthat the independent network hypothesis provided a very
cross-linking occurs. Chemical scission of bonds causes theaccurate description of the postcured network. In this previous
effective cross-link density of the network, and therefore the investigationt®it was shown that postcured networks exhibited
equilibrium rubber elastic modulus, to decrease with time. a permanent set when the uniaxial stress was returned to zero.
Neglecting viscoelastic effects, the stress on a network undergo-The purpose of the present investigation is to study the
ing only scission reactions depends on the current value of thepermanent set of cross-linking networks in more detail and to
cross-link density. By contrast, the stress on a network with compare our MD simulations with theoretical predictions. In
additional cross-linking (e.g., postcuring) depends not only on this work we extracted the permanent set from MD simulations
the current value of the cross-link density but also on the state of bead-spring polymer networks, taking particular care to
of strain the sample was in when each cross-link formed. achieve equilibrium conditions.

Tobolsky® and co-workers conjectured that an elastomer,  Molecular dynamics simulations on nonreacting bead

postcured in a strained state, could be analyzed with@  spring polymer networks have been used by Everaers and co-
networkmodel consisting of distinct networks cross-linked in - yworkerd6-18 to test various rubber elasticity models and by

the unstrained and strained states. This model was later studiedsrest et al9-2! to study gelation and viscoelasticity. Molec-
by Berry, Scanlan, and Watsbhand compared with experi-  yjar dynamics simulations are a particularly powerful tool
ments on rubber networks. In a classic paper, Figgneralized 1o study chemically reacting polymer networks because it
is difficult to carry out well-controlled chemical relaxation
* Author to whom correspondence should be addressed. E-mail: experiments on elastomeric networks in the laboratory. Molec-

Jgeuro@sandia.gov. . ular dynamics simulation enables precise control over the
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(a) (b)

Figure 1. Schematic depiction of the cross-linking/strain history of
simulated networks (two-stage networks). Left panel: A network is
formed from a melt of linear polymer chains in the isotropic, unstrained
state by the addition of cross-links (represented here by black circles).
Right panel: The network is uniaxially deformed at constant volume,
and new cross-links (gray circles) are added.

is difficult to achieve in the laboratory. Moreover, because
networks are infusible and insoluble (although they will
undergo solvent swelling), standard analytical techniques to

characterize network structure caused by chemical reaction

can be difficult to apply. The characterization tools available
for studying the network connectivity in the laboratory are
difficult to use and offer less than ideal characterization. Indeed,

the stress relaxation behavior itself might be the most sensitive

measure of any chemically induced changes in network struc-
ture.
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The polymers were modeled using the standard bepdng
modefC in which the beads interact with a truncated Lennard-
Jones potential
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whereo; ande are the Lennard-Jones parameters. Additional
interaction is added between bonded sites, either along the
original chain or between cross-linked sites

Veendn) = = SRZIn(1 -~ (RY) 1 = Ry
r>R, @

where Ry = 1.501; and k = 30¢/o 2 Large-scale, MD
simulations were performed in a NVT ensemble using the
LAMMPS parallel MD cod€?® modified to incorporate chemical
reactionst> The simulations typically were run employing
between 8 and 36 processors, with individual runs using
approximately 1700 processor hours/million time steps. The
molecular dynamics time step was OtOiherer = aum
andmis the mass of a bead. Periodic boundary conditions were
employed with a densityo ;* = 0.85 and reduced temperature
ksT/e = 1. Two sets of simulations denoted as A and B, differing
in the way cross-links are introduced, were carried out.

For simulation set A, the melt consisted of 500 chains of
500 sites each. Four percent of the sites on each chain were
randomly designated as reactive, subject to the condition that
pairs of reactive sites were separated by at least two bonds.

— 00

Permanent set is commonly used in the rubber industry st gystem was equilibrated before any reactions were per-

arr]l inqlic?tor. of the k:esistanc de of ar(lj erllastolmgric bmaterial tr? formed. The reaction phase consisted of evaluating the distances
chemical aging. To better understand the relation between they, o een )| pairs of reactive sites at regular time intervals. Pairs

permanent set and the combined effects of the cross-link density ¢ citas within a capture radius of 3 had a probabilityy of

and strain history of a network, we compared our predictions
from MD simulations to predictions from various rubber
elasticity theories, utilizing the independent network hypothesis.
In particular we investigated the following theories: (1) the
affine modeP? (2) the phantom model of James and G#ith,
(3) the constrained junction theot$25 (4) the slip-tube model

of Rubinstein and Panyukd§,and (5) the double-tube model
of Everaer$’?8 In section 2 we describe our MD simulation
methodology. In section 3 we employ the independent network
hypothesis, together with the various rubber elasticity theories

detailed comparisons between simulation and theory.

2. Molecular Dynamics Simulations

In this work we employed MD simulatioAsto study the
effects of cross-linking in a uniaxial strained state on the
permanent set of a network. Our simulations are conceptually
similar to the laboratory experiment where a sample is: (i) cross-
linked at zero strain (stage 1), (ii) elongated at constant volume
to a stretch ratio of, where additional cross-links are introduced
(stage 2), and then (iii) released to its new state-of-das
zero stress. A schematic of our network simulation is shown in
Figure 1. We form a network in an initial unstrained, isotropic
state, where sufficient cross-links are introduced to be well above
the gel point. We then apply a uniaxial strain, at constant
volume, and introduce additional cross-links. Here we wuse
andv, to denote the number density of network chains (twice

the cross-link density) introduced at stages 1 and 2, respectively.AlLo in the x direction and td_o/+/4 in they andz directions'®

becoming bonded. The time interval agdvere adjusted so
that quasi-equilibrium conditions were maintained. The cross-
linking reactions exhibited second-order kinetics for conversions
less tharp = 0.6 (number of sites reacted divided by the total
number of reactive sited}. A conversion ofp = 0.6 was
achieved in approximately 6@Q(or 60 000 MD time steps).
Cross-linking reactions became diffusion-controlled at larger
extents of conversion. A conversion of approximatply =
0.096 ge1= 0.0032647 ;%) corresponds to the gel point. Samples

) 4 ' were cross-linked to conversiops= 0.2, 0.4, and 0.6. This
to compute the permanent set. In section 4 we discuss the

gives average degrees of polymerization between chemical
cross-links of 125, 62.5, and 41.7 sites o= 0.0068, 0.0136,
and 0.0204# %), respectively.

Simulation set B was carried out starting with 80 chains of
3500 monomers. By contrast with simulations A, the cross-links
in simulations B were introduced in a single step. The melt of
chains was equilibrated in the unstrained state as in simulations
A, after which 1400 randomly chosen pairs of sites within a
capture radius of 18 were cross-linked instantaneously. This
corresponds to an average degree of polymerization between
cross-links of 100 monomers of = 0.00854 ;3. Because the
chains are much longer in simulation B than A, the gel point
occurs at lower conversions. We estimate for simulations B
that® Vgel = 0.0002%|_J3.

Both sets of simulations start with a cubic, periodic box with
sides Ly in the unstrained state. The network is uniaxially
deformed at constant volume by changing the box length to

Ccbv
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0.6 : - : : Table 2. State-of-Ease and Permanent Set Results from MD
Simulation Set B*
04 )\.—20 T ()'|__]3 (Vl - Vgel) ULJ3 V2
x 108 x 108 Ao As Ps
0.2 8.21 0 2.0 1.01 0.01
o) 8.21 4.25 2.0 1.10 0.10
0 8.21 8.50 2.0 1.17 0.17
8.21 12.76 2.0 1.22 0.22
0.2 8.21 4.25 4.0 1.17 0.057
8.21 8.50 4.0 1.30 0.10
-0.4 1 A=1.0 1 280 chains of 3500 monomers.
0.6 . . L A 0.004 . . : :
0 20000 40000
. . W 0.003 1
Figure 2. Stress history for simulation A with a fixed number of stage
1 cross-linksv; — vger = 0.01716 % The system first is uniaxially
stretched tat = 2.0 att/r = 0 and then allowed to relax. The system 0.002 | g
is then compressed to its final value, hére= 1.0. Note that the stress o)
decays slowly with time after each deformation event. 0.001
Table 1. State-of-Ease and Permanent Set Results from MD
Simulation Set A? 0
0L3® (v1 — vge)) o vo f / /
x 108 x 108 A2 As Ps
-0.001
35 0 2 1.008 0.008 0 0.1 0.2 0.3 0.4 0.5
35 6.8 2 1.14 0.14 A-1
gg ;gg g igg ggg Figu_re 3. Permanent set determinations. Systems are equilibrated at
103 0 > 1.002 0.002 strains near the expepted state-of-ease, and stra;ght line fits are used to
103 6.8 2 114 0.14 determine the uniaxial deformatioh corresponding to zero stress.
. . . . . A 3
10.3 13.6 2 123 0.23 Thejst_e various curves correspond to n_etworks with: 0.0068653.
171 0 5 1.004 0.004 Addltlo_nal cross-links are then added in the strained state 2: v,
= 0 (diamonds)y, = 0.00686.,° (squares)y, = 0.01366.,° (open
17.1 6.8 2 1.10 0.10 . ; -
circles), and’, = 0.02044, ;° (triangles). Note that when no additional
2500 chains of 500 monomers. cross-links are added in the strained stater 1.01.

This deformation is accomplished by a series of small affine dynamics would certainly be different, we expect that the

deformations A/, applied to the coordinates of each site, to €quilibrium behavior would be similar for both the A and the

give the transformatiofix;yi,z} — {XALyivAZ,z/v/AZ} until B networks. o ,

the desired strain is achieved. No cross-linking is allowed to ~ 1he permanent set of a network is defined according to

occur during the deformation in either simulations A or B. The

molecular dynamics is continued during the deformation process, p — As—1 3)

so that even though the microscopic steps are affine the network S A,—1

is allowed to adjust, and the overall deformation is nonaffine

and volume-conserving. The average stress in the direction ofwhereA, is the deformation ratio at which the stage 2 cross-

strain is obtainetl from the simulation as the deviatoric part links were added ands is the deformation ratio to which the

of the stress tensary = Pyx — P whereP = 3 ,Py./3 is the sample returns at its zero stress, state-of-ease. For complete

hydrostatic pressure aiitys is the stress tensor. The true stress recoveryPs = 0, while if there is no recovery of the samie

for these incompressible systems (with a Poisson’s ratio of 1/2) = 1. We found thatls could be more accurately determined

is 0 = (3/)ox Figure 2 shows the recorded true stress in a typical from a series of constant strain simulations near the state-of-

simulation where a network of fixed cross-link density is ease, instead of using a constant stress ensempleas then

uniaxially stretched td = 2.0, allowed to relax for a period of ~ found from interpolation as shown in Figure 3. In this figure

time, and then compressed to its original strais 1.0. Note we plotted the stressstrain curves for a series of networks

that stress relaxation occurs after each deformation. We typically having different extents of stage 2 cross-links introduced in the

ran the simulations for @ and averaged the stress over the strained state. Note that for the case when no additional stage

last 3-5 x 10%7. 2 cross-links are added (diamonds) the zero stress condition
After the networks were deformed to an extension ratio of should bels = 1.0. As can be seen from Figure 3, the actual

A2, additional cross-links were then added to the networks while state-of-ease measured was~ 1.01. This difference~1%)

in the strained state. For simulations A, the system was is attributable to residual viscoelastic processes that have not

equilibrated for approximately & 10% after which the stage  completely relaxed. Thus we conclude that for samples equili-

2 cross-links were added gradually at the same rate as in stagérated for greater than ¥we achieve the equilibrium state

1. In simulations B the stage 2 cross-links were added within the statistical error. On the basis of this result, all the

immediately after deformation. After the second stage cross- simulations presented here have been equilibrated for at least

links were introduced, both networks A and B were equilibrated 10°z. Permanent set results from MD simulations on networks

for 1CPz. In this manner, we obtained a series of networks with A and B are presented in Tables 1 and 2, respectively.

various first and second stage network chain densitjesnd The macroscopic network stresses associated with the deter-

v2 shown in Tables 1 and 2. Even though simulation sets A mination of the permanent set were computed exactly from the

and B differ in the way the cross-links were introduced and the MD simulations using the virial theorem for the stress ten&%v
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Figure 4. Comparison between microscopic deformations of stage 1
and stag 2 B networks with identical strain history: (&)= 2 before
addingv, = 0.00856 ;% cross-links, (b1 = 1.17 (i.e., the state-of-
ease of the stage 2 network), andAcF 1.00 (i.e., the state-of-ease of

the stage 1 network). Symbols denote microdeformations parallel and

perpendicular respectively to the strain direction for stage 1 (circles
and x’s) and stage 2 (triangles and squares) networks.

It is also instructive to obtain the stress by considering the

network mesoscopically as composed of ideal, entropic springs

or segments, each consisting mimonomers. The density of
segments igg(n) = p/n, wherep is the monomer density. The
entropic spring constant of a segment igBH%(n)Owhere

[f%(n)Clis the mean-square end-to-end distance of a segment of

length n in the isotropic melt state before crosslinking. The

mean-square end-to-end extensions of a segment in the direc-
tions parallel and perpendicular to the strain are denoted by

m2(n,A;)Jand Ii?(n,Ag) Orespectively. Hence the length-scale-

dependentr{-dependent) entropic stress can be expressed using

only sampled mean-square extensions as

B (A0 B (g
Tn)0  m(n)0

o(n,4) = 3kgTo(n) (4)

The macroscopic stress is obtained by extrapolatifrgl) to
the limitn — 0.

Figure 4 shows the microscopic deformations on different
length scales (a) db, (b) after compression to;, and (c) after
further compression td = 1 for the B networks with and

Macromolecules, Vol. 39, No. 16, 2006
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Figure 5. Comparison between microscopic chain conformations in
stage 1 ad 2 B networks as accessible through small-angle neutron
scattering scattering experiments. We show a Kratky plot of the form
factor Q(q.,As) Of labeled chains of lengttN = 100 for the same
systems shown in Figure 4. Lines denote scattering parallet (l)

and perpendicularo{ = ) to the strain direction for stage 1 (solid,
dashed) and stage 2 (dadiotted, dashed) networks.
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Figure 6. Alternative representation of the single-chain form factors
shown in Figure 5 that qualitatively reproduces the directly sampled
microscopic deformations shown in Figure 4. The fdésto assign a
typical wave vectoq to a chemical distanaeby solvingn = Q(q(n)).
Plotting g?(n,A« 1)/?(n,A,) Yields information that is directly
comparable to the ratiosi3?(n,A) m(n) shown in Figure 4. Symbols
are identical to those used in Figure 4.

without adding additional cross-links. Regardless of the strain
and cross-link history of the sample, the microscopic deforma- chains embedded into the netwdfkin Figure 5 we show a
tions at large length scales always converge to the macroscopid<ratky plot of the single-chain form factor for the same systems
strain, indicating an affine strain response. At short distances, as in Figure 4 where we chose a labeling lergt= 100 equal
the chain conformations are only weakly affected by the to the average strand Iength of the stage 1 network. The plateau
macroscopic strain. This is a consequence of the local liquidlike 0bserved at intermediate length scales is due to the random walk
behavior characteristic of polymer networks. The height of the statistics of the labeled chains, while the peak at short length
gap between the parallel and the perpendicular microscopicscales (largeq values) is due to the incoherent scattering
deformations at short distances is directly related to the contribution where(q) = 1/Ny. The alternative representation
microscopic stress through eq 4. We observe the expected locallyof the data in Figure 6 shows that one can extract qualitatively
isotropic chain statistics for networks in their state-of-ease (stagesimilar _information from the approximately inverted form
1 networks afl. = 1 in Figure 4c; stage 2 networks/at= 1sin factors$! as from the experimentally inaccessible mean-square
Figure 4b) as well as the inversion of local and global internal distances shown in Figure 4. The apparently stronger
compression and elongation in stage 2 networks for 4 < microscopic deformations at short distances are due to non-
Js. Qualitatively, the observed differences in the microscopic Gaussian distance distribution functichs.
deformations between stage 1 and 2 networks agree with the Figure 7 shows the microscopic Gaussian stresses as a
independent network hypothesis and the idea of a compressivefunction of the length scale obtained from eq 4 and the data
deformation of the second network created in the deformed state.presented in Figure 4. They are in good agreement with the
The characteristic inversion of compression and elongation stress obtained from the virial tens8rThis suggests that to
on intermediate scales should be observable in small-angleunderstand the microscopic origin of permanent set, the relevant
neutron scattering experiments with a low fraction of labeled observable to study from computer simulations is the Ien&tB—V
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1 T . where we have implicitly takea; = 1 as the unstrained state.
Thus it can be seen that the permanent set can be computed
from the independent network hypothesis, together with any
01l E rubber elasticity model fowo. In this investigation, we will use
000 c0eea,, 2, eq7 to compute the permanent set from varic_:us rubber elasticity
%0, 3 theories. The accuracy of the various theories is evaluated by
0.01 | Coq J comparison with the results from our MD simulations. Prediction
P ¢ of permanent set from rubber elasticity theories is particularly
} g * ? t 3 {;;H” challenging since the zero stress state is determined from a

& K& n..l“!‘
&
-3

o (n,A)

i balance between the stage 1 network in tension and the stage 2
network in compression. Some theories (e.g., MoefRiylin
equation) are accurate in tension but not in compression and
hence will not be accurate in predicting permanent set.
3.2. Affine/Phantom Models. Most classical models of

n rubber elasticity treat an elastomeric material as a network of
Figure 7. Entropic stress obtained from eq 4 as a function of the length Gaussian chains. The most difficult aspect of the rubber elasticity
scalen. The points were obtained from MD simulations of B networks ~problem involves making a connection between the microscopic
with v, = 0.00854° after cross-linking in the strained statgs= 2 configurations of the network chains and the macroscopic

(diamonds and circles) arid = 4 (triangles and squares). The diamonds flimensions of the bulk system. The simplest and oldest approach
and triangles correspond to entropic stresses obtained in the straine

: 5 .
states, and the circles and squares refer to the entropic stresses in ths the affine modéF of Wall and Flory? that fixes network
states of ease. junctions in an elastic continuum. The phantom model developed

by James and Guthallows junctions to fluctuate about their
scale-dependent stresgn,4). Furthermore, the challenge for affine positions. The uniaxial true stress predicted for a network
theory is to be able to predict the strain dependence of the of chain density ofs at constant volume is given by
microscopic deformationsB2(n,A;)H2(n)0and 318-2(n,Agl
[?(n)0based on the strain and cross-linking history of the Opr(A) = ok T(A2 — 171 (8)
network and precursor melt.

0.001 &

0.0001 § o 100 1000

wherea is a factor related to network connectivity, junction

3. Theory mobility, and network segment effectiveness. For tetrafunctional
3.1. Independent Network HypothesisTobolsky hypothe- ~ networks,a. = 1 for the affine model, and. = ¥/ for the

sized5 that a two-stage network can be thought of as two Phantom model. Network imperfections, such as intramolecular
independent networks: a network of chains/volume cross- ~ Cycles and dangling ends, tend to reduce the magnitude of
linked in the unstrained state and a second networl ohains/ On the basis of these models, we define a shear modulus due
volume cross-linked under strain. This is easily generalized to to chemical cross-links as
an arbitrary number of stageswvhere the strain energ, can

be written in the form G, = kT 9)
n A A By explicitly treating the cross-linking process, Fldrnd

W, (L uAd,) = _X_y_zv_ (5) Fricke® demonstrated that the affine and phantom models,

ey = /lxi’lyi'/lzi’ ' respectively, exactly obey the independent network hypothesis.

Thus egs 7 and 8 lead to the following relation for the state-
whereW is the strain energy of a single network with fixed ©f-ease/s
cross-link densitydy, 1y, andA, are the principal stretch ratios,
andly;, Ayi, andl,; are the corresponding principal stretch ratios 2 1) |t 22 -0 (10)
at stage whenv; network chains are introduced. The principal s 2
stresses can then be found fram = Axd0Wn/ddx, etc. The
independent network hypothesis implies that the uniaxial stressgor poth the affine and phantom models. In eq 10is the
on of ann stage network can be related to the uniaxial stretch n,mper of network chains/volume added in the unstrained state,
ratio 4 according to and v, is the number density of network chains added in the

N strained statd,. v, — vgel @appears in the equation fag in all
o)=Y o(fiv) ©6) the theoretical models because only cross-links added after the
n ; " gel point contribute to the network elasticity. For this two-stage
network eg 10 can be analytically solved far Equation 3 can
wherea is the corresponding uniaxial stress for a nonreacting then be employed to obtain an analytical expression for the
network having a fixed number of cross-links. Note that the Permanent set for the affine and phantom models
independent network hypothesis in eq 6 is general and applicable V() — vg) + LA\
to any constitutive model or rubber elasticity theory. Equation ) 1 ge 2l 1
Vl(vy = vge) + 45

6 was shown in ref 15 to be in excellent agreement with MD
simulations for two-stage networks. Ps= T -1 (11)

We can employ eq 6 to compute the state-of-dasead the 2
permanent set by equating the stress to zero. For a two-stag
network this leads to the condition

&quation 11 was first deduced by Tobolsky.
3.3. Constrained Junction Model. The classical models
discussed above only include the effects of chemical cross-links.

0(Agvy) + 0(AdAz,) =0 (7 Due to the polymeric nature of the precursor chains, entar&gg\-/
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ments may become trapped and contribute to the stress on théeading to the permanent set. Note that we have taken the
sample. The constrained junction model is based on the premiseentanglement contribution due to the stage 2 network to be
that the effect of entanglements is to restrict the fluctuations of negligible. The validity of this assumption will be addressed
the network junctiong#253%35 This constraint is expressed by later in this paper.
a harmonic potential on each network junction centered at the 3.5. Double-Tube Model.The double-tube model, developed
affine junction position. A parameter varies the relative by Everaers and co-worket2% models the different strain
strengths of the constraints due to the entanglement term anddependence of cross-link and entanglement confinement along
the phantom connectivity term. The strain energy function for strands and predicts an anisotropic, nonaffinely deforming tube.
uniaxial tension is given by The double-tube model does not allow for slipping. The uniaxial
stress predicted by the double-tube model is given by

W= %TEW + 2/4 — 3) + By(1 + A%k) + 2B,(1 + /i) — 0G24 G2
e (o
IN[(1 + B,)(L + B)X(L + A%B,/i)(1 + B,/x)] 0 (12 o=@ - 1)|—|+
[( D( ) ( 1K)( ,/2k)]0 (12) 167 2+ G
B, = K*(A* — 1)I(A* + «)* B, = k(1A — 1)/ + «)* | 262+ G7
(1-27) — (16)
Whenk = 0, the entanglements are not felt, and eq 12 reduces VAGSA + G;

to the phantom network result. Asapproaches infinity, the ] ]
junctions are held fixed relative to the macroscopic deformation, !N €d 16 the chemical and entanglement shear moduli have a
and the affine model is recovered. For intermediate valuas of Similar interpretation as with the slip-tube model. As before we
the nonisotropic deformation dependence of the constraint ©MPIoy the independent network hypothesis in eq 7. Using eq
potential leads to nonlinearity in the stress/strain behavior 16 for the uniaxial stress we obtain the following expression
expressed in the MooneyRivlin form. For intermediate values ~ for the determination ofs

of « the uniaxial stress of a nonreacting network can be _2 )

computed from eq 12 using = A0W/d4. This stress can then 2hs “(vd(v) — vge)a)” + 1 "

2

be used with the independent network hypothesis in eq 7 to s -1 \/ ) 2
calculateis and the permanent set. It should be emphasized that 4 “(vvi0)"+ 1
the constrained junction model assumes that entanglements only |2 (v, — 1/9161)002 +1
affect the network junctions. 1-4)

3.4. Slip-Tube Model.To describe the effects of entangle- VAV dvi0)® + 1
ments along the chain backbones, various tube m&délhave 12 4 v
been employed in the literature. In these models the effect of s T2l 2 17)
the entanglements is spread across the entire chain. In effect, a /122 As|ve — Vgel

harmonic potential couples each chain segment to a background,

elastic continuum. Rubinstein and Panyuialeveloped alip- As in the case of the slip-tube model, we also assume that the

tubemodel incorporating entanglement constraints that are ableentanglement contribution to the stress is unaffected by the
to slide along the chain backbone. For uniaxial deformation, 54gitional stage 2 cross-links.

they provided an analytic fit for the Mooney stress valid

for moderate strains 4. Discussion
G It can be seen from eq 10 for the affine and phantom models
F=—9 e (13) that the state-of-ease and permanent set depend on only two
(12 — 1/4) ¢ 074+ 060 ¥2-0.35 parameters: the stage 2 extension rati@nd the ratio of the

number of second to first stage cross-links beyond the gel point
In eq 13,Ge is the shear modulus due to trapped entangle- vo/(v1 — vge). The constrained junction model prediction in eq
ments 12 involves the additional parametedescribing the coupling
between the entanglements and the network junctions. Here we
G = v KT (14) will compare the constrained junction model with MD simula-
tions for ¥ values intermediate between the phantom and the
G, is directly measurable in a laboratory experiment or affine models. The slip-tube (eq 15) and double-tube models
MD simulation. By contrast the number of chains/volume due (eq 17) both require knowledge of the entanglement spacing
to entanglements’. is a derived quantity that depends on and the factor from eq 9 relating the shear modulus to the
the particular theory used to relatge to Ge. In this investi- number of chemical cross-links. In the present investigation,
gation, eq 13 serves as our definition mf Combining the we have extracted these two parameters from MD simulation
independent network hypothesis from eq 7 with eq 13 leads set A.

to In Figure 8 we plot the Mooney stress obtained from the MD
simulation set A as a function of the cross-link density relative
) 3 (v, — vge)at to the gel point at three different extension ratios. The stress
A=A D1+ = oo* extrapolated to the gel point corresponds to an apparent
0.74,+ 061, “—0.3 entanglement shear modul@s. Not surprisingly, we find that

;LSZ A v, oo* is different for each extension ratio. Uniaxial stress is known

PRl 0 (15) to be a more complex function of strain than given in the neo-

Ao s/V1 7 Vel Hookean form in eq 8, particularly at large strains. However,

we expect that in the limit of small straids— 1 we should
Equation 15 can be solved numerically to find the state-of-easerecover linear elastic behavior and that the entanglement %Be/
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. . . Figure 10. Reduced stress/(A%A% — A,/A) = —4o/7 from MD
Figure 8. Reduced stress* = o/(A? — 1/2) in a single-stage network  gimy|ation set A for a two-stage network as a function of the second
as a function of cross-link density, — v, for various strains for — gtage cross-link density, for various values of1. Theo values plotted
simulations A. Results are from networks prepared from MD simulation \yere obtained after returning the stage two network fians 2 to its

set A 4 = 1.5 (triangles)4 = 2.0 (circles), and. = 4 (diamonds). original extension rati@ = 1. Filled squares with the solid line represent

Lines are best fits. The extrapolated intercepts correspond to the(,, ", = 0.003546, 7, open circles with the dashed line represent

entanglement stress. (v1 — vge) = 0.01036.% and the filled triangle represents a system
0.01 ] with (v1 — vge) = 0.017161%. Note that the curves extrapolatedo

0 whenv, — 0.

(0.0081) 0.8 between simulations A and B owing to differences in network

preparation, we neglect these differences and take be the
same for both networks.

0.008

* 0008 06 In section 3, we assumed that entanglements were only
o° o8 trapped by the first stage cross-links. To test this assumption,
0.004 0.4 we compressed a series of two-stage networks back to their
original lengthZ = 1. This strain state is the state-of-ease for
0.002 L 102 the stage 1 cross-links and their entapglements. A_ny mea;ured
’ ’ stress will be due to stage 2 cross-links and their associated
entanglements. In Figure 10, we plot this stress as a function
0 . . ! 0 of the stage 2 network chain density. It can be seen from
0 ! 2 8 4 Figure 10 that the stress is approximately zero in the limit
A1 — 0. This would not be the case if there were an additional
Figure 9. Estimation of the shear modul@ due to entanglements  entanglement contribution when the stage 2 cross-links are
_?_Efe’ tgaet ;ff‘gmcgl CV%SZ'UQ"edﬁgsg?’a?efgzlgff 'trhreaﬁhiir Qofeuslgf,i introduced. This observation justifies the form of eqs 15 and
gu | X . | : H
the interceptso* (_\?alue_s onthe IeFf)t axis), and the cir_clgs are tF;le slopes 17 for the State_"_Of'ease in the shp_-tut_)e and double-tube models.
oo from the previous figure (right axis). Extrapolatiofs and o are In these equations, the only contribution from the entanglements
shown in parentheses. is contained in the stage 1 term.
) The states-of-ease and permanent set results are reported in
modulus can be inferred from Table 1 for MD simulation set A for various combinations of
. stage 1 and stage 2 network chain densitigsvas extracted
G, = !1[”1 ay* from the MD simulations from interpolation as illustrated in

Figure 3. The stage 2 deformation ratio was fixedat 2 for

In Figure 9, we extrapolated the Mooney stress to zero strain @ll cases studied in networks prepared in simulation set A.
from which we conclud&. = 0.008%/0 2. From the definition Permanent set results are shown in Table 2 for MD simulation
of the entanglement spacing in eq 14 we infer that 0.0081/  Set B for extension ratios o, = 2 and 4. Besides the method
oL5% for our bead-spring network. This corresponds to a degree of introducing cross-links dls_cussed abov_e, the main dlﬁerenpe
of polymerization between entanglementd\ef= poy,%/0.0081 between networks A gnd Bis th.at the_pnmary chain length is
= 105. This entanglement spacing is consistent with estimateslarger in the B simulations. Note in particular that the measured
of Everaers et #° based on the plateau modulus from melt states-of-eask; are close to unity in both sets of data in Tables
simulations. Since the entanglement spacing should be inde-1 and 2 forv, = 0. This indicates that most of the viscoelasticity
pendent of chain length for long chains, we use the same valuehad relaxed and we achieved conditions close to equilibrium.
ve in comparing to both simulation sets A and B in this paper.  We now compare the permanent set obtained from simulation
Using eq 9, we estimate the paramedeby first obtaining set A with theoretical predictions from the various models
the slopes of the curves in Figure 8 at different extension ratios. discussed in section 3. In Figures 113 we plotted the
These slopes were then extrapolated to zero strain as shown irsimulation results from Table 1 for the A networks. These
Figure 9 leading tax = 0.39 for networks prepared in simulation  networks were cross-linked to the three different levalsn
set A. This value ofx is reasonable when comparedte= 0.5 the unstrained state as indicated in the figure. The simulated
for the phantom model. Network imperfections and elastically permanent set is plotted as a function of the ratigv: — vge)
ineffective chains will tend to reduce the equilibrium shear as the points in these figures. The stage 2 cross-links were all
modulus. Although there could be small differencesdn introduced at a uniaxial extension rafip = 2. CDV
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Figure 11. Permanent set results from MD simulations A compared
with theoretical predictions from the classical (affine and phantom)
model and the constrained junction model witk= 5.0. Higher and

lower values forc bring the predictions closer to that of the classical
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the constrained junction model inferred from eq 12 with the
coupling parameter = 5. Note that the constrained junction
model yields results that are very close to the affine/phantom
predictions. Over the range ob/(v1 — vge) Shown in Figure
11, the differences in permanent set between the constrained
junction and the affine/phantom models is maximized«ee
5. Decreasing (increasing) moves the constrained junction
model predictions closer to the phantom (affine) predictions. It
can be seen from Figure 11 that the affine, phantom, and
constrained junction models greatly overpredict the permanent
set relative to the simulations. These observations are consistent
with our earlier investigatiof® It is also apparent from the points
in Figure 11 that the permanent set depends explicitly;omt
is clear from egs 11 and 12 that both the affine/phantom and
the constrained junction models depend only on the nati@;
— Vgel).

A common feature of the constrained junction, affine, and
phantom models is that they ajunction models in the sense
that only the positions of the network junctions are relevant in

(affine and phantom) models. Filled squares represent simulations withthe calculation of the strain energy. The effects of entanglements

v1 — vge = 0.003546 5% circles 0.0103#.;% and the filled triangle
0.01716 5
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Figure 12. Permanent set results from MD simulations A compared
with theoretical predictions from the slip-tube model. Filled squares
(simulations) and the dashed line (theoretical) correspond 0 vge
= 0.003544 3%, circles and the solid line correspond to 0.010%
and the triangle and the dasHotted line correspond to 0.0161£.
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Figure 13. Permanent set results from MD simulations A compared
with predictions from the double-tube model. Filled squares (simula-
tions) and the dashed line (theoretical) correspondito- vge =
0.0035446 5, circles and the solid line correspond to 0.0, and

the triangle and the dastdotted line correspond to 0.01%1£.

are either absent or affect only the network junctions. We now
turn our attention taubemodels that explicitly account for the
effects of entanglements on all the sites along the backbones
of the network chains. In Figure 12, we show a comparison
between simulation of the A networks and the slip-tube model.
The permanent set was calculated from eq 15 usingdlaad

o values determined above. We now observe that theory, like
the simulations, yields different permanent sets for different
levels of first stage cross-links. This is because the slip-tube
model in eq 15 depends on the entanglement spacing through
the ratiove/(v1 — vge)o.. It can be seen that the agreement
between the slip-tube model and the simulations is very good.
In Figure 13 we show a similar comparison between the A
network simulations and the double-tube model obtained from
eq 17. As can be seen in the figure, the double-tube model is
also in very good agreement with the simulations.

We now examine the permanent sets found from simulation
set B. In Figures 14a and 14b we plot the network B permanent
sets from Table 2 forl, = 2 and 4. All the B network
simulations were carried out for a single density of stage 1 cross-
links. Theoretical permanent set predictions for all models are
shown along with the simulations in these figures. As seen with
the network A simulations, the slip-tube and double-tube models
are also in very good agreement with the B network simulations,
while the junction models overestimate the permanent set. On
the basis of MD simulations on both A and B networks, we
conclude that entanglements play a crucial role in determining
the permanent set of polymer networks.

Since all our conclusions are based on the use of the
independent network hypothesis, in combination with the various
theoretical models, a brief discussion of the applicability of this
hypothesis for each model is instructive. In previous studies,
the independent network hypothesis was demonstrated to agree
well with MD simulations of cross-linking in uniaxially strained
states'® In fact, while the affin@ and phantofhmodels have
been proven to obey the independent network hypothesis for
Gaussian chains, those models did not match our simulation
results.

Comparable theoretical calculations have not as yet been
carried out for the constrained junction or tube models. However,
since the constrained junction model reduces to the affine and

In Figure 11 we see a comparison between simulation and phantom models in the two limits af it seems likely that this

the affine and phantom model predictions obtained from eq 11.

model would obey the independent network model for inter-

Also plotted in Figure 11 are the permanent set predictions for mediate values of. The slip-tube model has been formulat&%v
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theory, which simultaneously describes the macroscopic stresses
and the microscopic deformations remains a challenge.
Besides analyzing the macroscopic elastic behavior, we have
presented (for the first time) data on the length-scale-dependent
microscopic deformations in postcured networks. The micro-

® Tube - J scopic signatures of a finite permanent set are locally isotropic
[ 0.2 7 1 . . —
e T chain conformations for I 4 = As and locally compressed
PR " SlipTube | chains in gIobaIIyeIongatedsampIes with 1< 4 < As.
0.1 P A Independently of postcuring, the networks deform affinely on
- larger scales. Our data suggest that these effects should be

Lz

02 04 06 08 1 12 14 16
VZ/(V1- vgel)

clearly observable in neutron scattering experiments with
suitably labeled networks. Such studies would complement the
present results for model networks and would be valuable in
guiding and gauging theoretical efforts on chemically reacting

0.4 ——— networks.
The simulations performed in this study involved networks
03 Constrained undergoing only cross-linking reactions. The effect of scission
- Jﬁl(:gtlon reactions, where cross-links formed at earlier stages are removed,

Affine/
Phantom,]

.-
Double_ -~

was beyond the scope of this investigation. We know from the
work of Flory® on affine networks and Frick&ion phantom
networks that the independent network hypothesis breaks down

ube” __ —¢ in this case. Cross-links formed at later stages take over the
- — . . .

0.1 PR ) . roles of earlier stage cross-links upon removal of the earlier
e - Slip Tube stage cross-links. Combined cross-linking and scission of-bead

=

02 04 06 O. 1 12 14 16
‘V2/(V1- Vge

spring networks will be the subject of a future investigation.
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