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ABSTRACT: The permanent set of cross-linking networks is studied by molecular dynamics. The uniaxial stress
for a bead-spring polymer network is investigated as a function of strain and cross-link density history, where
cross-links are introduced in unstrained and strained networks. The permanent set is found from the strain of the
network after it returns to the state-of-ease where the stress is zero. The permanent set simulations are compared
with theory using the independent network hypothesis, together with the various theoretical rubber elasticity
theories: affine, phantom, constrained junction, slip-tube, and double-tube models. The slip-tube and double-
tube models, which incorporate entanglement effects, are found to be in very good agreement with the simulations.

1. Introduction

Stress relaxation and aging in strained polymer networks can
be attributed to two distinct processes. At short times, relaxation
is dominated by viscoelastic effects, in which chains approach
a new equilibrium state through diffusive processes. The
dominant effect at long times is stress relaxation occurring as
a result of chemical changes, such as chain scission and
additional cross-linking, that affect the network structure.1,2 The
network connectivity is altered as the polymer chains break and
reform. Chemical reaction can occur in most organic polymer
networks at high temperatures and/or long times. The permanent
changes in the connectivity of the networks have attendant
changes in the elastic properties with time. On very long time
scales, the kinetics of the various chemical reactions, rather than
the diffusive relaxation, controls the time dependence of the
macroscopic properties.1,2

Tobolsky was the first to systematically study thesechemical
relaxation effects.3,4 Fundamentally different behavior results
depending upon whether chemically induced chain scission or
cross-linking occurs. Chemical scission of bonds causes the
effective cross-link density of the network, and therefore the
equilibrium rubber elastic modulus, to decrease with time.
Neglecting viscoelastic effects, the stress on a network undergo-
ing only scission reactions depends on the current value of the
cross-link density. By contrast, the stress on a network with
additional cross-linking (e.g., postcuring) depends not only on
the current value of the cross-link density but also on the state
of strain the sample was in when each cross-link formed.
Tobolsky3,5 and co-workers conjectured that an elastomer,
postcured in a strained state, could be analyzed with atwo-
networkmodel consisting of distinct networks cross-linked in
the unstrained and strained states. This model was later studied
by Berry, Scanlan, and Watson6,7 and compared with experi-
ments on rubber networks. In a classic paper, Flory8 generalized

the two-network model to an independent network model in
which a network is cross-linked in a series of arbitrary strained
states orstages. Flory rigorously demonstrated that an affine,
Gaussian network undergoing cross-linking is equivalent to
a collection of independent networks. Each network (or
stage) corresponds to its zero stress state and has a cross-link
density resulting from cross-links introduced at each stage of
the strain history. Flory8 went on to consider the consequences
of scission of cross-links formed in previous stages. Fricker9

later showed similar behavior for phantom, Gaussian networks.
More recently the independent network hypothesis has been used
in general constitutive models by Wineman10-12 and co-workers
and has been tested in various experiments13,14 on elastomeric
networks.

In a recent paper, some of us presented15 molecular dynamics
(MD) simulations for bead-spring polymer networks undergo-
ing cross-linking reactions in unstrained and uniaxially strained
states. By examining the stress in the strained state, we found
that the independent network hypothesis provided a very
accurate description of the postcured network. In this previous
investigation,15 it was shown that postcured networks exhibited
a permanent set when the uniaxial stress was returned to zero.
The purpose of the present investigation is to study the
permanent set of cross-linking networks in more detail and to
compare our MD simulations with theoretical predictions. In
this work we extracted the permanent set from MD simulations
of bead-spring polymer networks, taking particular care to
achieve equilibrium conditions.

Molecular dynamics simulations on nonreacting bead-
spring polymer networks have been used by Everaers and co-
workers16-18 to test various rubber elasticity models and by
Grest et al.19-21 to study gelation and viscoelasticity. Molec-
ular dynamics simulations are a particularly powerful tool
to study chemically reacting polymer networks because it
is difficult to carry out well-controlled chemical relaxation
experiments on elastomeric networks in the laboratory. Molec-
ular dynamics simulation enables precise control over the
chemistry. For example, scission and cross-linking can be
selectively turned on and off in the simulation, whereas this
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is difficult to achieve in the laboratory. Moreover, because
networks are infusible and insoluble (although they will
undergo solvent swelling), standard analytical techniques to
characterize network structure caused by chemical reaction
can be difficult to apply. The characterization tools available
for studying the network connectivity in the laboratory are
difficult to use and offer less than ideal characterization. Indeed,
the stress relaxation behavior itself might be the most sensitive
measure of any chemically induced changes in network struc-
ture.

Permanent set is commonly used in the rubber industry as
an indicator of the resistance of an elastomeric material to
chemical aging. To better understand the relation between the
permanent set and the combined effects of the cross-link density
and strain history of a network, we compared our predictions
from MD simulations to predictions from various rubber
elasticity theories, utilizing the independent network hypothesis.
In particular we investigated the following theories: (1) the
affine model,22 (2) the phantom model of James and Guth,23

(3) the constrained junction theory,24,25 (4) the slip-tube model
of Rubinstein and Panyukov,26 and (5) the double-tube model
of Everaers.27,28 In section 2 we describe our MD simulation
methodology. In section 3 we employ the independent network
hypothesis, together with the various rubber elasticity theories,
to compute the permanent set. In section 4 we discuss the
detailed comparisons between simulation and theory.

2. Molecular Dynamics Simulations

In this work we employed MD simulations29 to study the
effects of cross-linking in a uniaxial strained state on the
permanent set of a network. Our simulations are conceptually
similar to the laboratory experiment where a sample is: (i) cross-
linked at zero strain (stage 1), (ii) elongated at constant volume
to a stretch ratio ofλ2 where additional cross-links are introduced
(stage 2), and then (iii) released to its new state-of-easeλs at
zero stress. A schematic of our network simulation is shown in
Figure 1. We form a network in an initial unstrained, isotropic
state, where sufficient cross-links are introduced to be well above
the gel point. We then apply a uniaxial strain, at constant
volume, and introduce additional cross-links. Here we useν1

andν2 to denote the number density of network chains (twice
the cross-link density) introduced at stages 1 and 2, respectively.

The polymers were modeled using the standard bead-spring
model20 in which the beads interact with a truncated Lennard-
Jones potential

whereσLJ andε are the Lennard-Jones parameters. Additional
interaction is added between bonded sites, either along the
original chain or between cross-linked sites

where R0 ) 1.5σLJ and k ) 30ε/σLJ
2. Large-scale, MD

simulations were performed in a NVT ensemble using the
LAMMPS parallel MD code,29 modified to incorporate chemical
reactions.15 The simulations typically were run employing
between 8 and 36 processors, with individual runs using
approximately 1700 processor hours/million time steps. The
molecular dynamics time step was 0.01τ whereτ ) σLJxm/ε
andm is the mass of a bead. Periodic boundary conditions were
employed with a densityFσLJ

3 ) 0.85 and reduced temperature
kBT/ε ) 1. Two sets of simulations denoted as A and B, differing
in the way cross-links are introduced, were carried out.

For simulation set A, the melt consisted of 500 chains of
500 sites each. Four percent of the sites on each chain were
randomly designated as reactive, subject to the condition that
pairs of reactive sites were separated by at least two bonds.
The system was equilibrated before any reactions were per-
formed. The reaction phase consisted of evaluating the distances
between all pairs of reactive sites at regular time intervals. Pairs
of sites within a capture radius of 1.3σLJ had a probabilityq of
becoming bonded. The time interval andq were adjusted so
that quasi-equilibrium conditions were maintained. The cross-
linking reactions exhibited second-order kinetics for conversions
less thanp ) 0.6 (number of sites reacted divided by the total
number of reactive sites).15 A conversion ofp ) 0.6 was
achieved in approximately 600τ (or 60 000 MD time steps).
Cross-linking reactions became diffusion-controlled at larger
extents of conversion. A conversion of approximatelypgel )
0.096 (νgel ) 0.00326/σLJ

3) corresponds to the gel point. Samples
were cross-linked to conversionsp ) 0.2, 0.4, and 0.6. This
gives average degrees of polymerization between chemical
cross-links of 125, 62.5, and 41.7 sites (orν1 ) 0.0068, 0.0136,
and 0.0204/σLJ

3), respectively.
Simulation set B was carried out starting with 80 chains of

3500 monomers. By contrast with simulations A, the cross-links
in simulations B were introduced in a single step. The melt of
chains was equilibrated in the unstrained state as in simulations
A, after which 1400 randomly chosen pairs of sites within a
capture radius of 1.3σLJ were cross-linked instantaneously. This
corresponds to an average degree of polymerization between
cross-links of 100 monomers orν1 ) 0.0085/σLJ

3. Because the
chains are much longer in simulation B than A, the gel point
occurs at lower conversions. We estimate for simulations B
that19 νgel ) 0.00029/σLJ

3.
Both sets of simulations start with a cubic, periodic box with

sides L0 in the unstrained state. The network is uniaxially
deformed at constant volume by changing the box length to
λL0 in the x direction and toL0/xλ in the y andz directions.15

Figure 1. Schematic depiction of the cross-linking/strain history of
simulated networks (two-stage networks). Left panel: A network is
formed from a melt of linear polymer chains in the isotropic, unstrained
state by the addition of cross-links (represented here by black circles).
Right panel: The network is uniaxially deformed at constant volume,
and new cross-links (gray circles) are added.
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This deformation is accomplished by a series of small affine
deformations,∆λ, applied to the coordinates of each site, to
give the transformation{xi,yi,zi} f {xi∆λ,yix∆λ,zi/x∆λ} until
the desired strain is achieved. No cross-linking is allowed to
occur during the deformation in either simulations A or B. The
molecular dynamics is continued during the deformation process,
so that even though the microscopic steps are affine the network
is allowed to adjust, and the overall deformation is nonaffine
and volume-conserving. The average stress in the direction of
strain is obtained27 from the simulation as the deviatoric part
of the stress tensorσx ) Pxx - P whereP ) ∑RPRR/3 is the
hydrostatic pressure andPRâ is the stress tensor. The true stress
for these incompressible systems (with a Poisson’s ratio of 1/2)
is σ ) (3/2)σx. Figure 2 shows the recorded true stress in a typical
simulation where a network of fixed cross-link density is
uniaxially stretched toλ ) 2.0, allowed to relax for a period of
time, and then compressed to its original strainλ ) 1.0. Note
that stress relaxation occurs after each deformation. We typically
ran the simulations for 105τ and averaged the stress over the
last 3-5 × 104τ.

After the networks were deformed to an extension ratio of
λ2, additional cross-links were then added to the networks while
in the strained state. For simulations A, the system was
equilibrated for approximately 2× 104τ after which the stage
2 cross-links were added gradually at the same rate as in stage
1. In simulations B the stage 2 cross-links were added
immediately after deformation. After the second stage cross-
links were introduced, both networks A and B were equilibrated
for 105τ. In this manner, we obtained a series of networks with
various first and second stage network chain densitiesν1 and
ν2 shown in Tables 1 and 2. Even though simulation sets A
and B differ in the way the cross-links were introduced and the

dynamics would certainly be different, we expect that the
equilibrium behavior would be similar for both the A and the
B networks.

The permanent set of a network is defined according to

whereλ2 is the deformation ratio at which the stage 2 cross-
links were added andλs is the deformation ratio to which the
sample returns at its zero stress, state-of-ease. For complete
recoveryPs ) 0, while if there is no recovery of the samplePs

) 1. We found thatλs could be more accurately determined
from a series of constant strain simulations near the state-of-
ease, instead of using a constant stress ensemble.λs was then
found from interpolation as shown in Figure 3. In this figure
we plotted the stress-strain curves for a series of networks
having different extents of stage 2 cross-links introduced in the
strained state. Note that for the case when no additional stage
2 cross-links are added (diamonds) the zero stress condition
should beλs ) 1.0. As can be seen from Figure 3, the actual
state-of-ease measured wasλs ≈ 1.01. This difference (∼1%)
is attributable to residual viscoelastic processes that have not
completely relaxed. Thus we conclude that for samples equili-
brated for greater than 105τ we achieve the equilibrium state
within the statistical error. On the basis of this result, all the
simulations presented here have been equilibrated for at least
105τ. Permanent set results from MD simulations on networks
A and B are presented in Tables 1 and 2, respectively.

The macroscopic network stresses associated with the deter-
mination of the permanent set were computed exactly from the
MD simulations using the virial theorem for the stress tensor.

Figure 2. Stress history for simulation A with a fixed number of stage
1 cross-linksν1 - νgel ) 0.0171/σLJ

3. The system first is uniaxially
stretched toλ ) 2.0 att/τ ) 0 and then allowed to relax. The system
is then compressed to its final value, hereλ ) 1.0. Note that the stress
decays slowly with time after each deformation event.

Table 1. State-of-Ease and Permanent Set Results from MD
Simulation Set Aa

σLJ
3 (ν1 - νgel)
× 103

σLJ
3 ν2

× 103 λ2 λs Ps

3.5 0 2 1.008 0.008
3.5 6.8 2 1.14 0.14
3.5 13.6 2 1.24 0.24
3.5 20.4 2 1.32 0.32

10.3 0 2 1.002 0.002
10.3 6.8 2 1.14 0.14
10.3 13.6 2 1.23 0.23
17.1 0 2 1.004 0.004
17.1 6.8 2 1.10 0.10

a 500 chains of 500 monomers.

Table 2. State-of-Ease and Permanent Set Results from MD
Simulation Set Ba

σLJ
3 (ν1 - νgel)
× 103

σLJ
3 ν2

× 103 λ2 λs Ps

8.21 0 2.0 1.01 0.01
8.21 4.25 2.0 1.10 0.10
8.21 8.50 2.0 1.17 0.17
8.21 12.76 2.0 1.22 0.22
8.21 4.25 4.0 1.17 0.057
8.21 8.50 4.0 1.30 0.10

a 80 chains of 3500 monomers.

Figure 3. Permanent set determinations. Systems are equilibrated at
strains near the expected state-of-ease, and straight line fits are used to
determine the uniaxial deformationλs corresponding to zero stress.
These various curves correspond to networks withν1 ) 0.0068/σLJ

3.
Additional cross-links are then added in the strained stateλ2 ) 2: ν2

) 0 (diamonds),ν2 ) 0.0068/σLJ
3 (squares),ν2 ) 0.0136/σLJ

3 (open
circles), andν2 ) 0.0204/σLJ

3 (triangles). Note that when no additional
cross-links are added in the strained stateλs ≈ 1.01.

Ps )
λs - 1

λ2 - 1
(3)
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It is also instructive to obtain the stress by considering the
network mesoscopically as composed of ideal, entropic springs
or segments, each consisting ofn monomers. The density of
segments isFs(n) ) F/n, whereF is the monomer density. The
entropic spring constant of a segment is 3kBT/〈r2(n)〉 where
〈r2(n)〉 is the mean-square end-to-end distance of a segment of
length n in the isotropic melt state before crosslinking. The
mean-square end-to-end extensions of a segment in the direc-
tions parallel and perpendicular to the strain are denoted by
〈r|

2(n,λ|)〉 and〈r⊥
2(n,λ⊥)〉 respectively. Hence the length-scale-

dependent (n-dependent) entropic stress can be expressed using
only sampled mean-square extensions as18

The macroscopic stress is obtained by extrapolatingσ(n,λ) to
the limit n f 0.

Figure 4 shows the microscopic deformations on different
length scales (a) atλ2, (b) after compression toλs, and (c) after
further compression toλ ) 1 for the B networks with and
without adding additional cross-links. Regardless of the strain
and cross-link history of the sample, the microscopic deforma-
tions at large length scales always converge to the macroscopic
strain, indicating an affine strain response. At short distances,
the chain conformations are only weakly affected by the
macroscopic strain. This is a consequence of the local liquidlike
behavior characteristic of polymer networks. The height of the
gap between the parallel and the perpendicular microscopic
deformations at short distances is directly related to the
microscopic stress through eq 4. We observe the expected locally
isotropic chain statistics for networks in their state-of-ease (stage
1 networks atλ ) 1 in Figure 4c; stage 2 networks atλ ) λs in
Figure 4b) as well as the inversion of local and global
compression and elongation in stage 2 networks for 1< λ <
λs. Qualitatively, the observed differences in the microscopic
deformations between stage 1 and 2 networks agree with the
independent network hypothesis and the idea of a compressive
deformation of the second network created in the deformed state.

The characteristic inversion of compression and elongation
on intermediate scales should be observable in small-angle
neutron scattering experiments with a low fraction of labeled

chains embedded into the network.30 In Figure 5 we show a
Kratky plot of the single-chain form factor for the same systems
as in Figure 4 where we chose a labeling lengthN1 ) 100 equal
to the average strand length of the stage 1 network. The plateau
observed at intermediate length scales is due to the random walk
statistics of the labeled chains, while the peak at short length
scales (largeq values) is due to the incoherent scattering
contribution whereΩ(q) ) 1/N1. The alternative representation
of the data in Figure 6 shows that one can extract qualitatively
similar information from the approximately inverted form
factors31 as from the experimentally inaccessible mean-square
internal distances shown in Figure 4. The apparently stronger
microscopic deformations at short distances are due to non-
Gaussian distance distribution functions.31

Figure 7 shows the microscopic Gaussian stresses as a
function of the length scale obtained from eq 4 and the data
presented in Figure 4. They are in good agreement with the
stress obtained from the virial tensor.38 This suggests that to
understand the microscopic origin of permanent set, the relevant
observable to study from computer simulations is the length-

Figure 4. Comparison between microscopic deformations of stage 1
and stage 2 B networks with identical strain history: (a)λ ) 2 before
addingν2 ) 0.0085/σLJ

3 cross-links, (b)λ ) 1.17 (i.e., the state-of-
ease of the stage 2 network), and (c)λ ) 1.00 (i.e., the state-of-ease of
the stage 1 network). Symbols denote microdeformations parallel and
perpendicular respectively to the strain direction for stage 1 (circles
and×’s) and stage 2 (triangles and squares) networks.

σ(n,λ) ) 3kBTFs(n)[〈r|
2(n,λ|〉

〈r2(n)〉
-

〈r⊥
2(n,λ⊥〉

〈r2(n)〉 ] (4)

Figure 5. Comparison between microscopic chain conformations in
stage 1 and 2 B networks as accessible through small-angle neutron
scattering scattering experiments. We show a Kratky plot of the form
factor Ω(qR,λR) of labeled chains of lengthN ) 100 for the same
systems shown in Figure 4. Lines denote scattering parallel (R ) |)
and perpendicular (R ) ⊥) to the strain direction for stage 1 (solid,
dashed) and stage 2 (dash-dotted, dashed) networks.

Figure 6. Alternative representation of the single-chain form factors
shown in Figure 5 that qualitatively reproduces the directly sampled
microscopic deformations shown in Figure 4. The idea31 is to assign a
typical wave vectorq to a chemical distancen by solvingn ≡ Ω(q(n)).
Plotting q2(n,λR ) 1)/q2(n,λR) yields information that is directly
comparable to the ratios 3〈rR

2(n,λR)〉/〈n2(n)〉 shown in Figure 4. Symbols
are identical to those used in Figure 4.
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scale-dependent stressσ(n,λ). Furthermore, the challenge for
theory is to be able to predict the strain dependence of the
microscopic deformations 3〈r|

2(n,λ|)〉/〈r2(n)〉 and 3〈r⊥
2(n,λ⊥〉/

〈r2(n)〉 based on the strain and cross-linking history of the
network and precursor melt.

3. Theory

3.1. Independent Network Hypothesis.Tobolsky hypothe-
sized3-5 that a two-stage network can be thought of as two
independent networks: a network ofν1 chains/volume cross-
linked in the unstrained state and a second network ofν2 chains/
volume cross-linked under strain. This is easily generalized to
an arbitrary number of stagesn where the strain energyWn can
be written in the form

whereW is the strain energy of a single network with fixed
cross-link density,λx, λy, andλz are the principal stretch ratios,
andλx,i, λy,i, andλz,i are the corresponding principal stretch ratios
at stagei whenνi network chains are introduced. The principal
stresses can then be found fromσx ) λx∂Wn/∂λx, etc. The
independent network hypothesis implies that the uniaxial stress
σn of an n stage network can be related to the uniaxial stretch
ratio λ according to

whereσ is the corresponding uniaxial stress for a nonreacting
network having a fixed number of cross-links. Note that the
independent network hypothesis in eq 6 is general and applicable
to any constitutive model or rubber elasticity theory. Equation
6 was shown in ref 15 to be in excellent agreement with MD
simulations for two-stage networks.

We can employ eq 6 to compute the state-of-easeλs and the
permanent set by equating the stress to zero. For a two-stage
network this leads to the condition

where we have implicitly takenλ1 ) 1 as the unstrained state.
Thus it can be seen that the permanent set can be computed
from the independent network hypothesis, together with any
rubber elasticity model forσ. In this investigation, we will use
eq 7 to compute the permanent set from various rubber elasticity
theories. The accuracy of the various theories is evaluated by
comparison with the results from our MD simulations. Prediction
of permanent set from rubber elasticity theories is particularly
challenging since the zero stress state is determined from a
balance between the stage 1 network in tension and the stage 2
network in compression. Some theories (e.g., Mooney-Rivlin
equation) are accurate in tension but not in compression and
hence will not be accurate in predicting permanent set.

3.2. Affine/Phantom Models. Most classical models of
rubber elasticity treat an elastomeric material as a network of
Gaussian chains. The most difficult aspect of the rubber elasticity
problem involves making a connection between the microscopic
configurations of the network chains and the macroscopic
dimensions of the bulk system. The simplest and oldest approach
is the affine model32 of Wall and Flory22 that fixes network
junctions in an elastic continuum. The phantom model developed
by James and Guth23 allows junctions to fluctuate about their
affine positions. The uniaxial true stress predicted for a network
of chain density ofν at constant volume is given by

whereR is a factor related to network connectivity, junction
mobility, and network segment effectiveness. For tetrafunctional
networks,R ) 1 for the affine model, andR ) 1/2 for the
phantom model. Network imperfections, such as intramolecular
cycles and dangling ends, tend to reduce the magnitude ofR.
On the basis of these models, we define a shear modulus due
to chemical cross-links as

By explicitly treating the cross-linking process, Flory8 and
Fricker9 demonstrated that the affine and phantom models,
respectively, exactly obey the independent network hypothesis.
Thus eqs 7 and 8 lead to the following relation for the state-
of-ease,λs

for both the affine and phantom models. In eq 10ν1 is the
number of network chains/volume added in the unstrained state,
and ν2 is the number density of network chains added in the
strained stateλ2. ν1 - νgel appears in the equation forλs in all
the theoretical models because only cross-links added after the
gel point contribute to the network elasticity. For this two-stage
network eq 10 can be analytically solved forλs. Equation 3 can
then be employed to obtain an analytical expression for the
permanent set for the affine and phantom models

Equation 11 was first deduced by Tobolsky.3

3.3. Constrained Junction Model. The classical models
discussed above only include the effects of chemical cross-links.
Due to the polymeric nature of the precursor chains, entangle-

Figure 7. Entropic stress obtained from eq 4 as a function of the length
scalen. The points were obtained from MD simulations of B networks
with ν2 ) 0.0085/σLJ

3 after cross-linking in the strained statesλ2 ) 2
(diamonds and circles) andλ2 ) 4 (triangles and squares). The diamonds
and triangles correspond to entropic stresses obtained in the strained
states, and the circles and squares refer to the entropic stresses in the
states of ease.

Wn(λx,λy,λz) ) ∑
i)1

n

W( λx

λx,i

,
λy

λy,i

,
λz

λz,i

,νi) (5)

σn(λ) ) ∑
i)1

n

σ(λ/λi,νi) (6)

σ(λs,ν1) + σ(λs/λ2,ν2) ) 0 (7)

σPh(λ) ) RνkT(λ2 - λ-1) (8)

Gc ≡ RνkT (9)

(λs
2 - 1

λs) + (λs
2

λ2
2

-
λ2

λs) ν2

(ν1 - νgel)
) 0 (10)

Ps )

λ2(ν2/(ν1 - νgel) + 1/λ2

ν2/(ν1 - νgel) + λ2
2 )1/3

- 1

λ2 - 1
(11)
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ments may become trapped and contribute to the stress on the
sample. The constrained junction model is based on the premise
that the effect of entanglements is to restrict the fluctuations of
the network junctions.24,25,33-35 This constraint is expressed by
a harmonic potential on each network junction centered at the
affine junction position. A parameterκ varies the relative
strengths of the constraints due to the entanglement term and
the phantom connectivity term. The strain energy function for
uniaxial tension is given by

Whenκ ) 0, the entanglements are not felt, and eq 12 reduces
to the phantom network result. Asκ approaches infinity, the
junctions are held fixed relative to the macroscopic deformation,
and the affine model is recovered. For intermediate values ofκ

the nonisotropic deformation dependence of the constraint
potential leads to nonlinearity in the stress/strain behavior
expressed in the Mooney-Rivlin form. For intermediate values
of κ the uniaxial stress of a nonreacting network can be
computed from eq 12 usingσ ) λ∂W/∂λ. This stress can then
be used with the independent network hypothesis in eq 7 to
calculateλs and the permanent set. It should be emphasized that
the constrained junction model assumes that entanglements only
affect the network junctions.

3.4. Slip-Tube Model.To describe the effects of entangle-
ments along the chain backbones, various tube models36-39 have
been employed in the literature. In these models the effect of
the entanglements is spread across the entire chain. In effect, a
harmonic potential couples each chain segment to a background,
elastic continuum. Rubinstein and Panyukov26 developed aslip-
tubemodel incorporating entanglement constraints that are able
to slide along the chain backbone. For uniaxial deformation,
they provided an analytic fit for the Mooney stressσ*, valid
for moderate strains

In eq 13,Ge is the shear modulus due to trapped entangle-
ments

Ge is directly measurable in a laboratory experiment or
MD simulation. By contrast the number of chains/volume due
to entanglementsνe is a derived quantity that depends on
the particular theory used to relateνe to Ge. In this investi-
gation, eq 13 serves as our definition ofνe. Combining the
independent network hypothesis from eq 7 with eq 13 leads
to

Equation 15 can be solved numerically to find the state-of-ease

leading to the permanent set. Note that we have taken the
entanglement contribution due to the stage 2 network to be
negligible. The validity of this assumption will be addressed
later in this paper.

3.5. Double-Tube Model.The double-tube model, developed
by Everaers and co-workers,27,28 models the different strain
dependence of cross-link and entanglement confinement along
strands and predicts an anisotropic, nonaffinely deforming tube.
The double-tube model does not allow for slipping. The uniaxial
stress predicted by the double-tube model is given by

In eq 16 the chemical and entanglement shear moduli have a
similar interpretation as with the slip-tube model. As before we
employ the independent network hypothesis in eq 7. Using eq
16 for the uniaxial stress we obtain the following expression
for the determination ofλs

As in the case of the slip-tube model, we also assume that the
entanglement contribution to the stress is unaffected by the
additional stage 2 cross-links.

4. Discussion

It can be seen from eq 10 for the affine and phantom models
that the state-of-ease and permanent set depend on only two
parameters: the stage 2 extension ratioλ2 and the ratio of the
number of second to first stage cross-links beyond the gel point
ν2/(ν1 - νgel). The constrained junction model prediction in eq
12 involves the additional parameterκ describing the coupling
between the entanglements and the network junctions. Here we
will compare the constrained junction model with MD simula-
tions for κ values intermediate between the phantom and the
affine models. The slip-tube (eq 15) and double-tube models
(eq 17) both require knowledge of the entanglement spacingνe

and the factorR from eq 9 relating the shear modulus to the
number of chemical cross-links. In the present investigation,
we have extracted these two parameters from MD simulation
set A.

In Figure 8 we plot the Mooney stress obtained from the MD
simulation set A as a function of the cross-link density relative
to the gel point at three different extension ratios. The stress
σ0* extrapolated to the gel point corresponds to an apparent
entanglement shear modulusGe. Not surprisingly, we find that
σ0* is different for each extension ratio. Uniaxial stress is known
to be a more complex function of strain than given in the neo-
Hookean form in eq 8, particularly at large strains. However,
we expect that in the limit of small strainsλ f 1 we should
recover linear elastic behavior and that the entanglement shear

W ) νkT
4

(λ2 + 2/λ - 3) + B1(1 + λ2/κ) + 2B2(1 + 1/λκ) -

ln[(1 + B1)(1 + B2)
2(1 + λ2B1/κ)(1 + B2/λκ)] (12)

B1 ) κ
2(λ2 - 1)/(λ2 + κ)2 B2 ) κ

2(1/λ - 1)/(1/λ + κ)2

σ* ≡ σ
(λ2 - 1/λ)

) Gc +
Ge

0.74λ + 0.61λ-1/2 - 0.35
(13)

Ge ≡ νekT (14)

(λs
2 - λs

-1)(1 +
νe/(ν1 - νgel)R

0.74λs + 0.61λs
-1/2 - 0.35) +

(λs
2

λ2
2

-
λ2

λs) ν2

ν1 - νgel
) 0 (15)

σ ) (λ2 - 1)( 2Ge
2λ-2 + Gc

2

x4Ge
2λ-2 + Gc

2) +

(1 - λ-1)( 2Ge
2λ + Gc

2

x4Ge
2λ + Gc

2) (16)

(λs
2 - 1)(2λs

-2(νe/(ν1 - νgel)R)2 + 1

x4λs
-2(νe/ν1R)2 + 1 ) +

(1 - λs
-1)(2λs(νe/(ν1 - νgel)R)2 + 1

x4λs(νe/ν1R)2 + 1 ) +

(λs
2

λ2
2

-
λ2

λs) ν2

ν1 - νgel
) 0 (17)
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modulus can be inferred from

In Figure 9, we extrapolated the Mooney stress to zero strain
from which we concludeGe ) 0.0081ε/σLJ

3. From the definition
of the entanglement spacing in eq 14 we infer thatνe ) 0.0081/
σLJ

3 for our bead-spring network. This corresponds to a degree
of polymerization between entanglements ofNe ) FσLJ

3/0.0081
) 105. This entanglement spacing is consistent with estimates
of Everaers et al.40 based on the plateau modulus from melt
simulations. Since the entanglement spacing should be inde-
pendent of chain length for long chains, we use the same value
νe in comparing to both simulation sets A and B in this paper.

Using eq 9, we estimate the parameterR by first obtaining
the slopes of the curves in Figure 8 at different extension ratios.
These slopes were then extrapolated to zero strain as shown in
Figure 9 leading toR ) 0.39 for networks prepared in simulation
set A. This value ofR is reasonable when compared toR ) 0.5
for the phantom model. Network imperfections and elastically
ineffective chains will tend to reduce the equilibrium shear
modulus. Although there could be small differences inR

between simulations A and B owing to differences in network
preparation, we neglect these differences and takeR to be the
same for both networks.

In section 3, we assumed that entanglements were only
trapped by the first stage cross-links. To test this assumption,
we compressed a series of two-stage networks back to their
original lengthλ ) 1. This strain state is the state-of-ease for
the stage 1 cross-links and their entanglements. Any measured
stress will be due to stage 2 cross-links and their associated
entanglements. In Figure 10, we plot this stress as a function
of the stage 2 network chain densityν2. It can be seen from
Figure 10 that the stress is approximately zero in the limitν2

f 0. This would not be the case if there were an additional
entanglement contribution when the stage 2 cross-links are
introduced. This observation justifies the form of eqs 15 and
17 for the state-of-ease in the slip-tube and double-tube models.
In these equations, the only contribution from the entanglements
is contained in the stage 1 term.

The states-of-ease and permanent set results are reported in
Table 1 for MD simulation set A for various combinations of
stage 1 and stage 2 network chain densities.λs was extracted
from the MD simulations from interpolation as illustrated in
Figure 3. The stage 2 deformation ratio was fixed atλ2 ) 2 for
all cases studied in networks prepared in simulation set A.
Permanent set results are shown in Table 2 for MD simulation
set B for extension ratios ofλ2 ) 2 and 4. Besides the method
of introducing cross-links discussed above, the main difference
between networks A and B is that the primary chain length is
larger in the B simulations. Note in particular that the measured
states-of-easeλs are close to unity in both sets of data in Tables
1 and 2 forν2 ) 0. This indicates that most of the viscoelasticity
had relaxed and we achieved conditions close to equilibrium.

We now compare the permanent set obtained from simulation
set A with theoretical predictions from the various models
discussed in section 3. In Figures 11-13 we plotted the
simulation results from Table 1 for the A networks. These
networks were cross-linked to the three different levelsν1 in
the unstrained state as indicated in the figure. The simulated
permanent set is plotted as a function of the ratioν2/(ν1 - νgel)
as the points in these figures. The stage 2 cross-links were all
introduced at a uniaxial extension ratioλ2 ) 2.

Figure 8. Reduced stressσ* ) σ/(λ2 - 1/λ) in a single-stage network
as a function of cross-link density,ν - νgel, for various strains for
simulations A. Results are from networks prepared from MD simulation
set A: λ ) 1.5 (triangles),λ ) 2.0 (circles), andλ ) 4 (diamonds).
Lines are best fits. The extrapolated intercepts correspond to the
entanglement stress.

Figure 9. Estimation of the shear modulusGe due to entanglements
and the chemical cross-link density prefactorR of the shear modulus.
The data from Figure 8 is extrapolated toλ ) 1. Triangles represent
the interceptsσ0* (values on the left axis), and the circles are the slopes
R0 from the previous figure (right axis). ExtrapolationsGe andR are
shown in parentheses.

Ge ) lim
λf1

σ0*

Figure 10. Reduced stressσ/(λ2/λ2
2 - λ2/λ) ) -4σ/7 from MD

simulation set A for a two-stage network as a function of the second
stage cross-link density,ν2 for various values ofν1. Theσ values plotted
were obtained after returning the stage two network fromλ2 ) 2 to its
original extension ratioλ ) 1. Filled squares with the solid line represent
(ν1 - νgel) ) 0.00354/σLJ

3, open circles with the dashed line represent
(ν1 - νgel) ) 0.0103/σLJ

3, and the filled triangle represents a system
with (ν1 - νgel) ) 0.0171/σLJ

3. Note that the curves extrapolate toσ ≈
0 whenν2 f 0.
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In Figure 11 we see a comparison between simulation and
the affine and phantom model predictions obtained from eq 11.
Also plotted in Figure 11 are the permanent set predictions for

the constrained junction model inferred from eq 12 with the
coupling parameterκ ) 5. Note that the constrained junction
model yields results that are very close to the affine/phantom
predictions. Over the range ofν2/(ν1 - νgel) shown in Figure
11, the differences in permanent set between the constrained
junction and the affine/phantom models is maximized forκ ≈
5. Decreasing (increasing)κ moves the constrained junction
model predictions closer to the phantom (affine) predictions. It
can be seen from Figure 11 that the affine, phantom, and
constrained junction models greatly overpredict the permanent
set relative to the simulations. These observations are consistent
with our earlier investigation.15 It is also apparent from the points
in Figure 11 that the permanent set depends explicitly onν1. It
is clear from eqs 11 and 12 that both the affine/phantom and
the constrained junction models depend only on the ratioν2/(ν1

- νgel).

A common feature of the constrained junction, affine, and
phantom models is that they arejunction models in the sense
that only the positions of the network junctions are relevant in
the calculation of the strain energy. The effects of entanglements
are either absent or affect only the network junctions. We now
turn our attention totubemodels that explicitly account for the
effects of entanglements on all the sites along the backbones
of the network chains. In Figure 12, we show a comparison
between simulation of the A networks and the slip-tube model.
The permanent set was calculated from eq 15 using theνe and
R values determined above. We now observe that theory, like
the simulations, yields different permanent sets for different
levels of first stage cross-links. This is because the slip-tube
model in eq 15 depends on the entanglement spacing through
the ratio νe/(ν1 - νgel)R. It can be seen that the agreement
between the slip-tube model and the simulations is very good.
In Figure 13 we show a similar comparison between the A
network simulations and the double-tube model obtained from
eq 17. As can be seen in the figure, the double-tube model is
also in very good agreement with the simulations.

We now examine the permanent sets found from simulation
set B. In Figures 14a and 14b we plot the network B permanent
sets from Table 2 forλ2 ) 2 and 4. All the B network
simulations were carried out for a single density of stage 1 cross-
links. Theoretical permanent set predictions for all models are
shown along with the simulations in these figures. As seen with
the network A simulations, the slip-tube and double-tube models
are also in very good agreement with the B network simulations,
while the junction models overestimate the permanent set. On
the basis of MD simulations on both A and B networks, we
conclude that entanglements play a crucial role in determining
the permanent set of polymer networks.

Since all our conclusions are based on the use of the
independent network hypothesis, in combination with the various
theoretical models, a brief discussion of the applicability of this
hypothesis for each model is instructive. In previous studies,
the independent network hypothesis was demonstrated to agree
well with MD simulations of cross-linking in uniaxially strained
states.15 In fact, while the affine8 and phantom9 models have
been proven to obey the independent network hypothesis for
Gaussian chains, those models did not match our simulation
results.

Comparable theoretical calculations have not as yet been
carried out for the constrained junction or tube models. However,
since the constrained junction model reduces to the affine and
phantom models in the two limits ofκ, it seems likely that this
model would obey the independent network model for inter-
mediate values ofκ. The slip-tube model has been formulated

Figure 11. Permanent set results from MD simulations A compared
with theoretical predictions from the classical (affine and phantom)
model and the constrained junction model withκ ) 5.0. Higher and
lower values forκ bring the predictions closer to that of the classical
(affine and phantom) models. Filled squares represent simulations with
ν1 - νgel ) 0.00354/σLJ

3, circles 0.0103/σLJ
3, and the filled triangle

0.0171/σLJ
3.

Figure 12. Permanent set results from MD simulations A compared
with theoretical predictions from the slip-tube model. Filled squares
(simulations) and the dashed line (theoretical) correspond toν1 - νgel

) 0.00354/σLJ
3, circles and the solid line correspond to 0.0103/σLJ

3,
and the triangle and the dash-dotted line correspond to 0.0171/σLJ

3.

Figure 13. Permanent set results from MD simulations A compared
with predictions from the double-tube model. Filled squares (simula-
tions) and the dashed line (theoretical) correspond toν1 - νgel )
0.00354/σLJ

3, circles and the solid line correspond to 0.0103/σLJ
3, and

the triangle and the dash-dotted line correspond to 0.0171/σLJ
3.
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as the simple sum of the entanglement and chemical cross-link
contributions (eq 13), and we speculate that it would obey the
independent network hypothesis as well. In the case of the
double-tube model, we see from eq 16 that the entanglement
and chemical cross-link density are coupled. As a result, the
double-tube model may not reduce to the independent network
hypothesis but instead to a more general form. However, our
simulations showed that only first stage cross-linking traps
entanglements indicating that, to a good approximation, only
entanglements as they affect the first network need be consid-
ered. Future theoretical investigations on tube models for two-
stage networks are needed to address these questions.

5. Conclusions

In this investigation we performed MD simulations of cross-
linking bead-spring polymer networks. From these simulations,
we deduced the states-of-ease and permanent sets for a range
of cross-linking and uniaxial strain histories. Comparing these
simulations with various theoretical models of rubber elasticity,
we observed that junction models (affine, phantom, constrained
junction) predict permanents sets much larger than those
observed in the simulations. By contrast, tube models (slip-
tube, double-tube) that explicitly account for entanglement
effects on the fluctuations of network chains were in very good
agreement with simulation. Thus, entanglements play a crucial
role in determining the permanent set of polymer networks. We
also found that trapped entanglements only affect the stress from
first stage network; adding additional stage 2 cross-links in the
strained state does not require any additional entanglement
contribution. We emphasize that our combination of constitutive
equations from tube models of rubber elasticity with the
independent network hypothesis, while empirically successful,
is not based on molecular theory. The development of such a

theory, which simultaneously describes the macroscopic stresses
and the microscopic deformations remains a challenge.

Besides analyzing the macroscopic elastic behavior, we have
presented (for the first time) data on the length-scale-dependent
microscopic deformations in postcured networks. The micro-
scopic signatures of a finite permanent set are locally isotropic
chain conformations for 1< λ ) λs and locallycompressed
chains in globally elongated samples with 1< λ < λs.
Independently of postcuring, the networks deform affinely on
larger scales. Our data suggest that these effects should be
clearly observable in neutron scattering experiments with
suitably labeled networks. Such studies would complement the
present results for model networks and would be valuable in
guiding and gauging theoretical efforts on chemically reacting
networks.

The simulations performed in this study involved networks
undergoing only cross-linking reactions. The effect of scission
reactions, where cross-links formed at earlier stages are removed,
was beyond the scope of this investigation. We know from the
work of Flory8 on affine networks and Fricker9 on phantom
networks that the independent network hypothesis breaks down
in this case. Cross-links formed at later stages take over the
roles of earlier stage cross-links upon removal of the earlier
stage cross-links. Combined cross-linking and scission of bead-
spring networks will be the subject of a future investigation.
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